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Abstract. We compare several quasi- Frobenius- type properties for corings that ap- 
peared recently in literature and provide several new characterizations for each of these 
properties. By applying the theory of Galois comodules with a firm coinvariant ring, 
we can characterize a locally quasi-Frobenius (quasi-co-Frobenius) coring as a locally 
projective generator in its category of comodules. 

I—* 

i— i! Introduction 
< 

The notion of what is now known as a Frobenius algebra, and more general a quasi- 
Frobenius algebra, appeared first about 100 years ago in the work of G. Frobenius on 
representation theory. Since the mid nineties of the previous century, there has been a 
revived interest in the study of Frobenius algebras, as they turned out to be an important 
tool in different fields, such as Jones theory of subfactors of von Neumann algebras, 
topological quantum field theory, geometry of manifolds and quantum cohomology, the 
quantum Yang-Baxter equation and Yetter-Drinfeld modules. A modern approach to 
Frobenius algebras and their functorial properties can be found in [I]. 

Quasi-Frobenius algebras (and rings) became a subject of pure algebraic research 
since the work of Nakayama in the late 1930's and Ikeda in the early 1950's. Since then, 
many equivalent characterizations of quasi-Frobenius algebras have been given. Perhaps 
one of the most striking properties of quasi-Frobenius algebras is the duality between 
their categories of left and right modules, induced by the Hom-functor. In more recent 
years, quasi-Frobenius algebras also appear as a tool for constructing linear codes [TB] . 
A recent study of quasi-Frobenius algebras has been performed in |16| . 

Analogously, a theory of co-Frobenius [13] and quasi-co-Frobenius coalgebras [8J has 
been developed. In this setting, the considered categories of comodules posses ex- 
actly the dual properties of the categories modules over Frobenius and quasi-Frobenius 
algebras. Where (quasi-)Frobenius algebras are always finite dimensional, (quasi-co- 
Frobenius coalgebras can be infinite dimensional, however, if a (quasi-) co-Frobenius 
coalgebra is finite dimensional, then it is the dual coalgebra of a (quasi-)Frobenius al- 
gebra. Therefore, the theory of (quasi-) co-Frobenius coalgebras can be understood as 
the extension of the theory of (quasi-) Frobenius algebras to the infinite dimensional 
case. In the theory of Hopf-algebras, the co-Frobenius property is closely related to the 
existence of integrals. 

Corings [17] are defined as comonoids in the category of bimodules over a (possibly 
non-commutative) ring. This at first sight tiny difference with respect to the definition 
of usual coalgebras, which are comonoids in the category of one-sided modules over a 
commutative ring, has in fact far-reaching consequences. The application field of the 
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theory of corings, that has seen a rapid development during the last decade, has shown 
to cover many interesting and maybe unexpected parts of mathematics. In particular, 
corings and comodules can be used to study ring extensions, bimodules, coalgebras and 
Hopf algebras, together with their relevant categories of modules (i.e. descent data, 
generalized descent data, comodules and Hopf modules, respectively). In light of this 
observation, it is no surprise that attempts have been made to interpret the above 
mentioned Frobenius properties of algebras, coalgebras and Hopf-algebras in terms of 
appropriate corings, this has been done in [TO], [B] and [TT], in several levels of generality. 
In each of these papers, the quasi- Frobenius property of the ^-coring €. is characterized 
by a corresponding quasi- Frobenius type property of the associated coinduction functor 
between the underlying category of A-modules and the category of C-comodules. 

The aim of this paper, which can be viewed as a continuation of the work in [IT] , is 
twofold. First, after recalling the necessary definitions and proving some preliminary 
results in Section [TJ we investigate the relation between the different notions of 'quasi- 
Frobenius-type' corings and functors that have been recently introduced. By applying 
the techniques developed in [TT], we provide several new characterizations of these 
corings and functors. This part of the work is done in Section [2J More precisely, 
we show that if a coring <£ is both left and right QF in the sense of [10], it is exactly 
QF in the sense of [6] , and both notions are special cases of the definition introduced in 
[TT] (see Theorem [2T0]) . 

Secondly, we want to study quasi- Frobenius type corings by means of Galois theory 
for comodules. To this end, we develop in Section [3] a theory of Galois comodules that 
are locally projective over the base algebra of the coring. Although this theory is a 
special situation of the theory developed in [H] , certain aspects are characteristic to this 
particular setting. In particular, where as in the general theory a firm ring is a part 
of the initial data of the Galois theory, in the new theory, the firm ring (in fact a ring 
with local units) can be reconstructed from the locally projective Galois comodule (see 
Theorem EM- 

In the last section, we then combine the results of Section [2] and Section [3] to char- 
acterize a qausi-Frobenius type coring in our main theorem as a faithfully flat Galois 
comodule or equivalently as (locally) projective generator in the category of left or right 
comodules (Theorem 14.51 Corollary 14.81) . 

Notation. Troughout this paper, we will denote the identity morphism on an object 
X in a category C, again by X. We will write Ab for the category of abelian groups. 
For an associative ring A and a right A-module M, we denote M* = Houu(M, A). If 
N is a left A-module, then we write *N = jJiom(M, A). 

1. Prelimiries 

In this section, we recall some known notions and results that will be used troughout 
this paper. We prove some new but rather elementary results concerning flatness over 
firm rings and local projectivity in comodule categories. 

1.1. Firm rings and rings with local units. Let R be a ring, not necessarily with 
unit. The category of all non-unital right -R-modules is denoted by M.r. We say 
that M G M.r is firm if and only if the multiplication map induces an isomorphism 
m : M ®r R — > M, whose inverse is denoted by d : M — > M ®_r R, d(m) = m r Cg># r. 
The category of all firm right -R-modules and right .R-linear maps is denoted by M.r. 
The categories rA4 and rA4 are defined in a symmetric ways. One can easily verify 
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that R G Mr if and only if R G rM, in which case we call R a firm ring. Now consider 
the following commutative diagram of functors, 




Mr 



Where J and U are forgetful functors. Furthermore, the functor — ® R R, : Mr Mr 
has a left adjoint J and a right adjoint Hohir(.R, — ) and is therefore exact. These 
observations lead to the following. 

Lemma 1.1. Let R be a firm ring. Then the following assertions are equivalent: 

(ai) the forgtful functor U : Mr — > Ab is exact; 

(aii) the functor J : Mr — > Mr is exact; 
(aiii) the forgetful functor U : M.r — > Ab is exact. 

Let F be a left R-module and consider the following statements 

(bi) - ®_r F : Mr — ► Ab is (left) exact 

(bii) F is flat as a left R-module, where R is the Dorroh- extension of R; 
(biii) — ®r F : A4r — > Ab is (left) exact. 

Then (bi) is equivalent with (bii) and follows by (biii). If any of the equivalent statements 
of part (a) hold, then the three statements are equivalent. 

A left -R-module F is called flat provided that statement (bi) of Lemma [TTT1 holds . We 
say that F is totally for completely) faithful if for all N G Mr, the relation N ®rF = 
implies N = 0. Finally, F is termed faithfully flat if F is flat and the functor — <S)r F : 
Mr — ► Ab reflects exact sequences. Remark the assymmetry in the definition of a 
faithfully flat -R-module. By Lemma 11.11 this assymmetry disappears if the regular 
.R-module is flat as a left i?-module. Hence, the following Proposition characterizes 
faithfully flat i?-modules if the regular R is flat. 

Proposition 1.2. Let R be a firm ring that is flat as a left R-module and F a firm left 
R-module. The following statements are equivalent 

(i) F is faithfully flat as a left R-module; 
(ii) F is flat and F is totally faithful as a left R-module; 

(Hi) F is flat as a left R-module and for all proper right ideals I C -R, we have (R/I)®r 
F^O (i.e. IF ^ F). 

Moreover, R is faithfully flat as a left R-module. 
Proof. This proof is an adaption of [211 12.17]. 

(i) =>■ (ii). Take any iV G Mr and consider the sequence — >• iV — > in Mr. If 
iV ®r F = 0, then the sequence — ► ®# F — > is exact in Ab. By the property of 
part (i) we obtain that — * iV — * also has to be exact. Consequently N = 0. 

(ii) (i). Consider any sequence K - > L — ^->- iV in M.r and suppose that the 
correspondig sequence 

(1) Q^K® R F f -^lL® R F 9 -^lN® R F^V 
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in Ab is exact. Since R is flat as a left i?-module, we know that kernels and cokernels 
in M.r can be computed in Ab, hence we can consider the canonical sequence 

— ► Im / ® R F >■ ker g ®rF >■ ker g/lm f ®rF 

Then the exactness of the sequence ([I]) implies that lmf®RF = ker g®RF. Therefore, 
ker g/lm f ®r F — 0. Hence, we obtain from (ii) that ker g = Im/, i.e. the given 
sequence is exact. 

(ii) -> (Hi). By part (ii), (R/I) ® R F = would imply R/I = 0, i.e. R = I. For the 
last statement, consider the following exact row in Mr, 

/ R R/I 



since F is flat as a left .R-module and Lemma \l.l\ we obtain the following commutative 
diagram in Ab with exact rows 

I ® R F R ® R F (R/I) ® R F 



VI, F 



fJ-R.F 



IF F F/IF > 

Since F is firm as a left -R-module, Hr,f is an isomorphism. From the properties of 
the diagram we immediately obtain that 7 is surjective. We can also see that \ij^p is 
surjective. Take any if G IF, then if = ///^(z'r <S>r r f), where we used the firmness of 
F and the fact that ir G I since J is a right ideal in R. The surjectivity of fii^p implies 
that 7 is injective. 

(Hi) =>- (ii). Consider any N G A^. We have to show that N ® R F = implies that 
N = 0, or equivalently A 7^ implies that N®rF 7^ 0. Suppose there exists an element 
7^ n G N. Then we can construct a right ideal in as follows I n = {r G R \ nr = 0}. 
Observe that -R//„ is isomorphic to the cyclic right i?-module nR. By (iii) we find 

^ R/I n ® R F = nR® R F dN ® R F, 

the inclusion is a consequence of the flatness of F as a left i?-module. 

The last statement follows now from Lemma 11.11 and the fact that the regular R- 
module is always totally faithful. □ 

A ring R is said to be a ring with right local units, if for every finite set r\, . . . , r n G R, 
there exists an element e G R such that • e = rj for 1 < i < n. A ring with right 
local units is firm and M G Mr if and only if for every finite set mi, . . . , m n G M there 
exists an element e G R such that ■ e = for 1 < z < n. Similarly one defines rings 
with left and two-sided local units. 

In the situation of a ring with local units, the characterization of totally faithful 
modules becomes easier and closer to the classical case of rings with units. 

Proposition 1.3. Let R be a ring with right local units and F G rA4. Then the 
following statements are equivalent 

(i) For all N G M.r and n G iV n ®>r f = for all f G F implies n = 0; 

(ii) For all cyclic N G M.r, the relation N ® R F = implies N = 0; 

(iii) For all N G M.r, the relation N ®r F = implies N = 0. 
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Proof. (Hi) =>■ (ii) and (i) =>- (m) are obvious. 

(ii) =>- (i). Consider any N G M.r and n £ N such that n (£)r f = for all / G F. Put 
M = ni? the cyclic right -R-module generated by n, then we find that M ®r F = 0, and 
consequently M = 0. Let e G -R be a right local unit for n, since n = ne G M, we find 
ra = 0. □ 

1.2. Local projectivity. Recall that an object X in a Grothendieck category C is 
called finitely generated if and only if for any directed family of subobjects {Xi}i e j 
of X satisfying X = 52iei^' there exists an iq G / such that X = Xi . If X is 
a projective object in C, this condition is known to be equivalent to the fact that 
Honic(X, — ) preserves coproducts. We call an object X in C weakly locally projective if 
any diagram with exact rows of the form 

(2) 

/ 

M^^N ^0 

and where E is finitely generated, can be extended with a morphism h : X — > M such 
that gohoi = foi. 

Lemma 1.4. Let F : C — > T> be a covariant functor between grothendieck categories. If 
F is exact and reflects isomorphisms, then C is finitely generated in C if F(C) is finitely 
generated in T> . 

Proof. Suppose that C = ^2 ieI Xi for a directed family of objects {Xi} ieI in C. Since 
F is exact, we find that F(C) = F(Xj) and {F(Xi)} i€l is a directed family in 
T>. Then there exists an index io, such that F(C) = F(Xi ), because F(C) is finitely 
generated in T>. Since F reflects isomorphisms, we find that C = Xi . □ 

If we take C = A4a, where A is a ring with unit, we recover the definition of a locally 
projective module in the sense of [22], which we will call weakly locally projective 
right A-module. It is known that a right A-module M is weakly locally projective 
if and only if there exist local dual bases, i.e. for all m G M there exist an element 
e = Ci ®a fi G M Cgu Houu(M, A) such that m = e ■ m = ej/j(m). If M is weakly 
locally projective, then M^^Hom^M, ^4) is a ring with left local units (see [18J). More 
general, we call M weakly i?-locally projective if there exists a ring with local units R 
and a ring morphism t : R — » M <S>a Hom^M, A) such that for all m G M there exits 
a dual basis in the image of l. Weakly locally projective modules are always flat. 

Lemma 1.5. If R has right local units, then R is weakly locally projective as a left 
R-module and (faithfully) flat as a right R-module. 

Proof. For any r G R, a local dual basis is given by e G R and R G rHohi(.R, R), where 
e is a right local unit for r. To prove flatness, take any exact sequence 

M ^ N P 

in M.r. If for any J^m ®r r G M ®r R, we have that ^2f{m) ®r r = 0, then also 
^2f(m)r = f(mr) = 0, hence Yl mr = 0; so Y2 m ®R r = mr ®R e = 0, where 
e G R is a right local unit for all r. Furthermore, take any Yl n ®R r ker(g) ®rR, then 
= ^2 g{n)r = g{ nr )- Hence there exists an element m G M such that f(m) = nr. 
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Let e G R be a right local unit for all r. Then Y /(^) ®.r e = Yl nr ®R e = Yl n ®R r - 
Therefore the functor — ®# R : M.r — > Ab is left exact. □ 

1.3. Corings and comodules. Troughout the remaining part of this paper, A will be 
an associative ring and €. an A-coring, i.e. a comonoid in the monoidal category A M. A 
of A-bimodules, with coassociative comultiplication A = A c : (£ — > (C <g> A £, A(c) = 
C(i) ®a C(2) and counit e = e<r : £ — > A. To the coring £ we can associate its left dual 
ring *€. = A B.om((t, A) with unit £ and where the multiplication is given by 

f*9(c) =^(C(l)/(C( 2 ))), 

for all f,g & *<£. Similarly, £* = Houu(£, A) is a ring with multiplication / * g(c) = 
/(#(c(i))c( 2 )) and we have that = ((£*) A = A Hom A (£, A). We denote the category 

of right CC-comodules by A4 € , and for M G A4 € , the coaction of M by pu '■ M — > 
M®^, puijn) = m[o]®Affl[i]. There exists a functor _M C — > .M*£, where for M G -M £ , 
m G M and / G *£, we define m ■ f = m[o]/(ra[i]). If <T is weakly locally projective, 
then there is also a functor Rat : .M*e — > A4 € , where for all M G we define 

Rat(M) as the largest A-submodule of M that has a C-comodule structure such that 
m ■ f = m[ ]/(m[i]) for all m G Rat(M) and / G *£. 

Suppose that <T is an A-coring that is flat as a left A-module, then the category of 
right C-comodules is a Grothendieck category, see [21 18.13], hence the definition of 
weakly locally projective object makes sense in M € . This is the case in particular if £ 
is weakly locally projective as a left A-module. Moreover, we have the following lemma. 

Lemma 1.6. Let €. be an A-coring that is flat as a left A-module. Then for any right 
£-comodule the following statements hold. 

(i) If P is finitely generated as a right A-comodule, then P is finitely generated as a 
right €-module; 

(ii) If £ is weakly locally projective as a left A-module and P is weakly locally projective 
as a right C-comodule, then P is weakly locally projective as a right A-module. 

Proof, (i). This follows immediately from Lemma [1.41 (ii). Consider a diagram of the 
form in the case C = Ai A and X = P. Since the functor — ® A £ : -Ma — y has a 

right adjoint Hom c ((£, — ), it is right exact, and therefore M ® A (£ l—^S. _/y §§ A <£ *- o 

is an exact row in A4 € . Furthermore, since £ is weakly locally projective as a left A- 
module, we know by [21 19.12], the finitely generated right A-submodule E of the right 
£-comodule P is contained in a right C-subcomodule F of P that is finitely genertated 
as a right A-module. Then it follows from part (i) that F is also finitely generated in 
A^ £ . Hence we obtain the following diagram in 

»■ F 

p 

M® A £ — N ® A £ 

where F contains E as a right A-module. Since P is weakly locally projective in A4 € , 
there exists a right C-comodule map h : P — > M ® A £. such that (/ ®a <£) ° p o i = 
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(g ®a C) o ho l. Applying N ®a £ from the left on this equation, we then obtain that 
/ o i = g o (P ® A e) o h o 2, so P is weakly locally projective as a right A-module. □ 

An important class of examples for corings, called comatrix corings was introduced 
in [7j, and in a more general setup appeared in [9]. We will give an intermediate 
construction that will be of sufficient for our purposes. Let A be a ring with unit and P 
a ring with local units. Consider a right A-module E that is weakly P-locally projective, 
then E is in a natural way an P-A bimodule, where the left P-action is induced by the 
map l : P — > E Cgu E*, <-(?") = x r £r ( we denote E* = Hom^E, A)), as follows 

r-y = x r £ r (y), 

for all r G P and y G E. Obviously, E G j^A^a, i.e. P has acts with local units on E, 
where the local units are the inverse images of the local dual bases under i. 

Theorem 1.7. With notation as above, the A-bimodule D = E* (B) R E is an A-coring 
with comultiplication 

A(f ®r a;) = £ ® R ei ® A fi ®r x, 
where ®_r /» G Im tcH ®a E* is a local dual basis for x and counit 

e{i ® R x)=i{x). 

Now suppose that £ is an A-coring and EeM £ . Let furthermore P be a firm ring 
and E an P-(£ bicomodule, i.e. there is a ringmorphism P — > End c (E) and P is a firm 
left P-module with P action induced by this ringmorphism. Then both the functor 
— ®a <£ and the functor Houu(E, — ) ®r E incude a comonad on A^a- We call E an 
P-C comonadic- Galois co module if and only if the following natural transformation is 
an isomorphism for all M G A4a 

can M : Hom j4 (E, M) ® R E — >• M ®a can A/ (0 ® R x) = 0(x [O ]) 0^ 

If E is weakly P-locally projective as a right A-module, then carijv/ will be an isomor- 
phism for all M if and only if caru is an isomorphism. In fact, can^ is a (canonical) 
A-coring morphism 

(3) can = can A : D = E* ® R E — > can(^ x) = ^(x[ ])x[i]. 
In this situation, we call E a P-(£ Galois comodule. 

2. Frobenius corings and their generalizations 

2.1. The Morita context of two objects. Let be a commutative ring and C a 
fc-linear category, and take two objects A and P in C. Recall that we can associate the 
following Morita context (see [HI Remarks p 389, Examples 1.2]) to A and B. 

(4) N(A, P) = (Endc(A), End c (P), Hom c (P, A), Hom c (A, P), o, .), 

where both Morita maps o and • are defined by the composition in C. Observe that 
any Morita context can be interpreted in this way. 

Obviously, the objects A and B are isomorphic in C if and only if there exist an 
element j G Homc(P,A) and j G Homc(A, P) such that j • J = B and Jo j = A. 
Therefore, we will call a pair (j, j) with the above property a pair of invertible elements 
for a Morita context N(A, B). If such a pair of invertible elements exists, then the 
Morita maps of the context are clearly surjective (i.e. the context is strict). 

Suppose now that C is a category with coproducts. Objects A, B G C are called 
similar if and only if there exists natural numbers n and m, and split monomorphisms 
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a : A — > 5 n and b : B —> A n . Similar objects in a fc-linear category can be characterized 
by means of the Morita context (jlj), as follows from the following lemma. 

Lemma 2.1. Consider the Morita context associated to two objects A and B in the 
k -linear category C with coproducts. 

(i) The Morita map o is surjective if and only if A is direct summand of B; 

(ii) the Morita map • is surjective if and only if B is a direct summand of A; 
(Hi) the Morita context N(A, B) is strict if and only if A and B are similar in C. 

Proof. We only proof statement (i). The map o is surjective if and only if there exist 
maps di : B —* A and bi : A — > B such that Yl% a i°h = A. Using the universal property 
of the finite (co)product, this is equivalent with existence of a map a : A — > B n and 
b : B n — > A such that a o b = A, i.e. A is a direct summand of B. □ 

We say that there exists a locally left invertible element for o, if there exists an 
element j E Home (A, B) such that for every finitely generated as fc-submodule F C A, 
we can can find an element J F E Homc(S,yl) such that Jp o j\ F = F. The map o is 
called locally surjective if for every finitely generated as /c-submodule F G A, we can 
find a finite number of elements j F E Homc(v4,5) and jp G Home (.B, A) such that 
J2eJF ° j £ F( a ) = a 5 f° r an a & F. Clearly, if is a pair of invertible elements, then 
j is locally left invertible for o and if j is locally left invertible for o then o is locally 
surjective. 

2.2. Adjoint functors and beyond. Troughout this section, we will suppose that all 
categories are fc-linear Grothendieck categories and that all functors preserve colimits. 
For any two such functors F, G : C — > V, we know that Nat (F, G) is a set, hence a 
/c-module (see [HI Lemma 5.1]). However, most results given here can be transferred to 
more general settings, considering suitable classes of functors. 

Recall from [TT] that for any two functors F : C — > T> and G : T> — > C we can construct 
the following Morita context 

(5) M(F,G) = (Nat(G, G) , Nat(F, F) op , Nat(P, FG) , Nat(GF, C) ,<>,♦). 
where the connecting maps are given by the following formulas, 

(a^) D =/? Gfl oGa I i and = Ffi c o a FC , 

writing a G Nat(P,FG), /3 G Nat(gF,C), C £ C and D E V. It was proven in 
[TTl Theorem 3.4] that (G, F) is an adjoint pair if and only if there exists a pair of 
invertible elements for the Morita context ~M(F, G), i.e. if and only if we can find elements 
C G Nat(P, FG) and e G Nat(&F, C) such that 

(6) (Coe) D = e GD oG( D = GD; 

(7) (e*C) c = Fe 0^ = ^, 

for all C G C and D E V. 

In [10], the functor G was called a Ze/t quasi-adjoint for F if for some integer n, there 
exist natural transformations rj : 1© — > UlLi FG and C : YH=i ^F — > 1c such that 

(8) Cgd o G Vd = GD, 

for all D ET>. We will call F a n<?/?i quasi-adjoint for G if there exist similar 77 and £ 
that satisfy 

(9) F(co VF C = FD, 
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for all C G C. If at the same time F is a right quasi-adjoint for G and G is a left 
quasi-adjoint for F, then we call (G, F) a quasi-adjoint pair. The following result is 
immediate. 

Lemma 2.2. With notation as above, the following statements hold. 

(i) The functor G is a left quasi-adjoint for F if and only if the Morita map of the 

context |3P is surjective; 
(ii) the functor F is a right quasi-adjoint for G if and only if the Morita map ♦ of the 

context (TJP is surjective; 
(Hi) {F,G) is a quasi-adjoint pair if and only if the Morita context (TJJ) is strict. 

If (F, G) is an adjoint pair and F is moreover a right quasi-adjoint for G, then we call 
(F, G) a right quasi- Frobenius pair. Similarly, an adjoint pair (F, G) is called a left quasi- 
Frobenius pair if G is a left quasi-adjoint for F and (F, G) said to be a quasi- Frobenius 
pair if it is at the same time a left and right quasi-Frobenius pair. 

Two functors L,R : A — » B are called similar if and only if there exist natural 
transformations : L — > U" =1 R, if) ■ U™ =1 R — » L, 0' : R — > U™ =1 £ and -0' : LHLi ^ ~~ * 
R such that if) o <fi = L and if> o <fi = R. In [6J, a functor F : B —>■ A is then called 
a quasi-Frobenius functor if and only if F has a left adjoint L and a right adjoint R 
such that L and R are similar, in this situation (L, F, R) is said to be a quasi-Frobenius 
triple. 



Lemma 2.3. Let F : C - 

isomorphism of k-algebras 



V be a functor with a right adjoint R. Then there is an 



$ : Nat(F, F) = Natffl, i?) op 



Proof. The stated isomorphism of sets can be obtained from the bijective correspondence 
between so-called mates of an adjuction, see [12J. Let us give the explicit form of the 
isomorphism for sake of compleetness. Denote the unit and the counit of the adjunction 
respectively by A : 1q — >• RF and k : FR — > lx>. Then we define for all a G Nat(F, F) 
the natural transformation 

$(a) = ifc o o Ai? G Nat(i?, 

By means of naturality and the properties of the unit and the counit, it can be checked 
that the inverse of $ is given by 

•l.- 1 ^) = £F o Ff3F o FA, 

for all f3 G Nat (it!, R). Finally, let us check that $ is an algebra map. Take a and a' in 
Nat (F, F) , and consider the following diagram, 



R 

XR 

RFR 

Ra'R 

RFR 



\R 



RFR 



RaR 



RFR 



Rh 




RaR 



RFR 



Rk 



R 



XR 



RFXR - RFRFR RFRaR - RFRFR RFRk > RFR 



Ra'R 



RFXR > RFRFR RFRaR > RFRFR RFRk * RFR 



Rk 

R . 
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In this diagram, the upper square commutes by the naturality of A, the middle square 
commutes by the naturality of a' and the lower square commutes by the naturality of 
k. The triangle commutes by the adjunction property of F and R. Hence the diagram 
is commutative, which means exactly that <&(a o a') = $(a') o $(a). □ 

Before stating our next result, recall that to any Morita context, we can associate 
in a canonical way two other Morita contexts without changing any of the relevant 
information. The opposite of a Morita context N = (R, S, P,Q, //, t) is the Morita 
context N op = (R op , S op , Q, P, fi op , r op ), where fi op (q ® 5oP p) = n{p ®s q) and r op (jo ® R o P 
q) = r(q ®rp). The twisted of a Morita context N = (R, S, P,Q, /■*, t) is the Morita 
context N* = (S, R, Q, P, r, fi). 

Lemma 2.4. Let F : C — *> T> be a junctor with left adjoint L and right adjoint R. Then 
we consider the Morita context N(L, R) constructed as and the contexts M(L, F) 
and M.(F,R), constructed as (TJJ). Then there are isomorphisms of Morita contexts 
N top (L, R) 2* M(L, F) M op (F, R). 

Proof. The needed algebra isomorphisms follow from Lemma 12.31 

From the adjunctions (L,F) and (F,R), we can immediately deduce that 

Nat(FL, t v ) S Nat(L, R) = Nat(l p , FR). 

Now denote the unit and counit of the adjunction (F, R) respectively by A : lc — > RF 
and k : FR — > l©. Take any a G Nat(i?, L), and define a' G Nat(le, LF) as 

«c = "re ° Ac- 

Conversely, for any (3 G Nat(l c , LF) we define f3' G Nat(-R, ^) by 

(3' D = Lk d o/3 rd . 

If we compute a", we find ol" d = Lk 1 d (^frd ^rd- By the naturality of a, we know that 
Lkd ° O-frd = old o Since (F, R) is an adjoint pair, we obtain Rkd ° A/?d = RD. 

Combining both identities, we find that a" D = old- Similarly, we find j3" = j3, making 
use of the naturality of (3. Hence Nat(l c , LF) = Nat(i2, L). 

By a similar computation, based on the adjunction (L,F), we find Nat(i2, L) = 
Nat(,RF, l c ). 

We leave it to the reader to verify that the obtained isomorphisms are bimodule maps 
and that they preserve the Morita maps. □ 

Theorem 2.5. Let F : C —>■ T> be a functor with left adjoint L and right adjoint R. 
Then the following statements are equivalent 

(i) R is a left quasi-adjoint of F; 

(ii) R is a direct summand of L (in the category of k-linear functors and natural 
transformations ); 

(Hi) F is a left quasi-adjoint of L. 

Proof. By Lemma 12.21 (i) is equivalent with the fact that the map of the context 
M(F, R) is surjective. By Lemma 12.41 we this is now equivalent with the fact that 
is surjective in M.(L,F) and • is surjective in N(L,R). Again by Lemma [2.21 this first 
statement means exactly (iii) and by Lemma 12.11 the later statement is equivalent with 
(ii). □ 
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A double application of the previous Theorem now gives immediately the following 
corresponde between the notions of quasi-Frobenius-type functors defined in [TO] and 



Corollary 2.6. Let F : C — > T> be a functor with left adjoint L and right adjoint R. 
Then the following statements are equivalent 

(i) (F,R) is a quasi- Frobenius pair; 

(ii) (L,F,R) is a quasi- Frobenius triple; 
(Hi) {L,F) is a quasi- Frobenius pair. 

2.3. (Locally) quasi-Frobenius corings. In this section we discuss the varions on 
Frobenius corings that were recently introduced in [6], [10] and [UJ. We show how they 
are related to the notions of the previous section and provide several new characteriza- 
tions. 

Recall that £ is said to be Frobenius if £ and *£ are isomorphic as A-*<£ bimodules. 
This notion is left-right symmetric: £ is Frobenius if and only if <£ and €,* are isomorphic 
as €*-A bimodules. 

An v4-coring £ is left quasi-Frobenius if € is a direct summand of *£. n in the category 
aM-*<Ci where n is a finite integer. Similarly, we say that £ is right quasi-Frobenius if € 
is a direct summand of a number of copies of £* in the category <r*AiA- 

We say that an A-coring £ is quasi-Frobenius if € and *£. are similar as A-*€. bimodules, 
i.e. £ is a direct summand of *£ n and *£ is a direct summand of (£ TO for certain natural 
numbers n and m. 



Remark 2.7. The definition of a quasi-Frobenius coring in [6] was given in terms of a 
quasi-Frobenius functor, and shown to be equivalent with the definition stated here in 
[61 Theorem 6.5] (see also Theorem 12. 101 below) . 

The original definition in [TU] states that an A-coring is left quasi-Frobenius if and 
only if there exists maps 7Tj G £ Hom £ (£ ®a £, £) and elements Zi G <t A , for i = 1, . . . , n, 
such that Y^,i 7Ti(c® Zi) = c for all ceC. [TOj Theorem 4.2] claims that this definition is 
equivalent with the fact that € is finitely generated and projective as a left A-module 
and € is a direct summand of *€. (as A-*<£ bimodules). However, the proof of this theorem 
states that there exist maps and Si : £ — ► *<£ such that J2i ^ «! = *£■ This 

means that *<£ is a direct summand of £, and not conversely, therefore the statement of 
[TUl Theorem 4.2] is not correct. In fact, it means that £ is right quasi-Frobenius in our 
terminology (see also Theorem 12.91 below). Since left quasi-Frobenius ring extensions 
in the sense of Miiller [14] are in correspondence with corings such that €. is a direct 
summand of *£ n (see [T0| Proposition 4.3]), we believe the terminology as introduced 
above is the correct one. 

From the observations made in the previous sections, it is now clear that the quasi- 
Frobenius properties of an A-coring £ will be closely connected to the properties of the 
Morita context associated to € and *£ in a-M*<c, 



(10) N(£, *£) = UEnd* £ (£), A End* £ (*£), A Hom* c (*£, £), A Hom» £ (£, *£), o, •). 



The first result is immediate. 



Theorem 2.8. An A-coring <£ is Frobenius if and only if there exists a pair of invertible 
elements for the Morita context M(<£, *<£). 
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Recall that for any A-coring £, the induction functor Q = — ®a € : Ma M € has 
both a left adjoint, being the forgetful functor T : A4 € — > A^a, and a right adjoint, 
given by the Hom-functor Ti = Hom c (l£, — ) : M. € — ► A^a- Similarly, we denote : 
C®a- : aA4 -> € M, with left adjoint J 7 ' : € M -> A M and right adjoint c Hom(£, -) : 
€ M -> a-M. 

Theorem 2.9. Le£ £ 6e an A-coring and use notation as above. The following state- 
ments are equivalent. 

(0) The map o of the Morita context U~0) surjective; 

(1) (£ is left quasi-Frobenius; 

(ii) €* is a direct summand of £ in the category <t*M.a; 
(Hi) (J-,G) is a left quasi-Frobenius pair; 

(iv) (G,TC) is a left quasi-Frobenius pair; 

(v) (J-',G') is a right quasi-Frobenius pair; 
(vi) (£?' ,TC') is a right quasi-Frobenius pair; 

(vii) the functor Ti is a direct summand of the functor T ; 

(viii) the functor T' is a direct summand of the functor TC; 

(ix) the functor J 4Hom. e ;(-,£) : a-M*<c — * *<t*M is a direct summand of the functor 
A Hom* £ ( -,*<£); 

(x) the functor aHohi*£(£, — ) : a-M.*^ — > A4*<r* is a direct summand of the functor 
A Hom* £ (*£,-)/ 

(xi) the functor c »Hohia(— , €*) : ^M.a - > Ai*<r* is a direct summand of the functor 
£ *Hom A (-,(£) :; 

(xii) the functor g^Hom^C, — ) : £*M.a ~~ > *<t*M is a direct summand of the functor 
£*Hohia(£, — ) are similar; 

If these statements are satisfied, than £ is finitely generated and projective as a right 
A-module. 

Proof. The equivalence between the first two statements follows by Lemma \2. 11 In [TTI 
Theorem 5.10] it was proven that this Morita context is isomorphic to several contexts 
of natural transformations. Interpreting the surjectivity of the corresponding Morita 
map in each of these Morita contexts as in Lemma \2. II and Lemma I2T21 leads directly to 
the equivalent statements. 

The last statement follows by [TT| Corollary 5.15]. □ 

A double application of Theorem 12.91 leads now immediately to the following charac- 
terization of quasi-Frobenius corings. 

Theorem 2.10. Let <£ be an A-coring. The following statements are equivalent. 

(0) The Morita context (T77J) is strict; 

(1) € is similar to *£. as A-*€. bimodule (i.e. € is a quasi-Frobenius coring); 
(ii) £ is similar to €* as <£*-A bimodule; 

(Hi) <£ is a direct summand of (*£) n and of (€*) m , respectively as A-*<£ bimodule and €*- 
A bimodule, for certain numbers n and m (i.e. £ is left and right quasi-Frobenius) ; 

(iv) (FjG) is a left and right quasi-Frobenius pair; 

(v) (G,TC) is a left and right quasi-Frobenius pair; 

(vi) the forgetful functor J 7 and the functor TL are similar (i.e. the induction functor Q 
is quasi-Frobenius); 

(vii) the functors j*Hom J 4(-, <£*) and £*Hohia(— , <£) : <t*M-A A4*£* are similar; 



QUASI-CO-FROBENIUS CORINGS 



13 



(viii) the functors ^Horn^tC*, _) an d £ »Hom,4(<£, — ) : <c*M.a — > ore similar; 

(ix) left hand versions of (Hi)- (viii), i.e. replace in the statements Ai € by C .M, A4a by 
A M,T by T', g by Q' , H by H' , C by *£ and *£ by €*. 

If these statements are satisfied, than £ is finitely generated and projective as a left and 
right A-module. 

Consider a ringmorphism i : B — > A. We say that £ is left B -locally quasi- Frobenius 
if there exists and index set I and a B-*€. bimodule morphism j : € — > (*£) / , such 
that for all Ci,...,c„ G £, there exists an element z = {z f )^ eI G (d/ 8 )* 7 ) satisfying 
Ci = z ■ j(ci) = J2e z di( c i) f° r alH = 1, . . . ,n. If I can be choosen to be a singleton, 
than £ is called left B -locally Frobenius. Every A-locally quasi-Frobenius coring is left 
quasi-co-Frobenius (i.e. there exists an A-*£. bimodule monomorphism j : (£ — > (*£) / 
for some index set /) and the converse is true provided that A is a PF-ring. 

Locally (quasi-) Frobenius corings that are locally projective modules over their base 
algebra where characterized and be given a functorial description in [TTI Theorem 5.3, 
Theorem 5.16]. To show their close relationship with the notion of a (left) quasi- 
Frobenius coring, we provide a partially new characterization in the next Theorem. 

Theorem 2.11. Let £ be an A-coring and consider the Morita context associated to € 
and *€ in b-M- *€, 

(11) N B (€, *£) = ( B End* c (£), B End» c (*£), B Hom. ff (*£, <£), B Hom. e (C, *<£), o, .). 

Then the following statements hold, 

(i) £ is left B -locally Frobenius if and only if there exists a left invertible element 
for o; 

(ii) (£ is left B -locally quasi-Frobenius if and only if o is locally surjective; 
Under any these conditions, € is weakly locally projective as a right A-module. 

Proof, (i). Let j G BHom«ir(C, *£) be the left invertible element for o. Then for ev- 
ery finite set of elements q 6 C there exists an element j G BHom.j(*C, (£), such that 
j°j( c i) — c i- Observe that : B Hom. £ (% — > <Z B ,(fi(f) = fie) is an isomorphism 
(see [TTJ lemma 4.14]). Putting z = 0(j) = j(e), we obtain z • j(cj) = q, hence £ is 
5-locally Frobenius. The converse is proven in the same way. 

(ii). Suppose that o is locally surjective, then we know that for every finitely gen- 
erated D C C, there exist a finite indexset /j> and maps j|, G BHom*e;(l£, *<£), j|, G 
B Rom*<r(*<£, <£) with t G J s such that j®{d) = d for all d G D. Put / = U s / 2 , where 
the union ranges over all finitely generated submodules D of £. Then the universal 
property of the product induces a unique B-*€ bilinear map j : £ — > such that 
jj = 7Tj o j, where i & I and 7Tj : *£ 7 — ► *£ is the projection on the z-th component. 
Furthermore, for any finitely generated D C £, the maps j|) G BHom»j(*(T, £) define an 
element z = Yleei 3%>( £ ) C^ 33 ' C C^. The explicit form of </> _1 implies that 

d = ^^D°fM =z-Kd), 

for all d G 2), i.e. £ is 5-locally quasi-Frobenius. Conversely, suppose that € is I?-locally 
quasi-Frobenius, and let j : £ — ► *£ 7 be the Frobenius map. Take any finitely generated 
submodule D of £, then we know that there exists an element z = (ze)e e i G (£^) B such 
that z ■ j(d) = d for all d G 2). Denote by J' the finite subset of J containing all indices 
of non-zero entries of z. Define for all i G V maps j £ G bHohi»£(£, *<£) by j £ = He ° j, 
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where ir e : *£ 7 -> *<£ are the canonical projections. Similarly, we define B-*<£ bilinear 
maps x : *£ — > £, j{f) = zg ■ f. Then we find for all d G 2), 

eer lev 
hence o is locally surjective. 

The last statement follows from [TTJ Theorem 5.3(c)]. □ 

From Theorem 12.91 Theorem 12.101 and Theorem 12.111 it follows now immediately that 
a left quasi-Frobenius coring is left locally quasi-Frobenius and in particular a quasi- 
Frobenius coring is both left and right locally quasi-Frobenius. 

3. Locally projective Galois comodules 

Let £ be an A-coring, R a firm ring and £ G rM' 2 ', then there is a ringmorphism 
i — > End c (E) and we call R the ring of coinvariants of £. The Galois theory for £ 
studies the properties of the functor 

- (g) R £ : Mr -> A4 £ 

and its right adjoint 

Hom £ (£, -) ® fl i? : M € -> A**. 

In this section we discuss the theory of Galois comodules whose ring of coinvariants is 
a ring with local units. This is a special situation of the theory developed in [5] , where 
the ring of coinvariants was supposed to be firm, so most result can be obtained from 
there. However some aspects of the theory differ slightly in this situation and stronger 
results can be obtained. In particular, we can characterize categories of comodules with 
a locally projective generator. 

Lemma 3.1. Let R be a ring with left local units, £ an A-coring that is flat as a left 
A-module and S G rA4 € . If the functor — ® fl E : M. R — > establishes an equivalence 
of categories, then £ is a weakly locally projective in 

Proof. Denote F = - : Mr -> M c and let G = Hom £ (S, -) ® R R be the right 

adjoint of F. Observe that S ^ F(R), and therefore R = GF(R) ^ G(E). Consider a 
diagram of the form (j2J) in M c , with X = E. Since E = FG(E), Lemma [1.41 implies 
that G(E) is finitely generated in Mr. Apply the functor G to the diagram (j2J), then 
we obtain 

G{E) — — - G(E) ^ R 

G(f) 

G(M) — G(N) 

Since R is locally projective in Mr (see Lemma fl~5|) we find a morphism h : R — > G(M) 
making this diagram commutative on the image of G(i). If we apply the functor F to 
this diagram, then we see that F(h) : E — > M satisfies (7 o o i — f o i, i.e. E is 
weakly locally projective in _M £ . □ 

Theorem 3.2. Let £ fre an A-coring that is weakly locally projective as a left A-module 
and E a right (t-comodule. Then the following statements are equivalent 

(i) There is a ring with left local units R together with a ring morphism 1 : R — > 
End c (E) and the functor — ®_r £ : Mr — > M € is an equivalence of categories; 
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(ii) there is a ring with left local units R together with a ring morphism i : R 
End £ (£), £ is a weakly R-locally projective right A-module, can : £* ®# £ — > £ is 
bijective and £ is faithfully flat as a left R-module; 

(Hi) £ is a weakly locally projective generator in 

Moreover, the ring R is a two-sided ideal in End c (£). 

Proof. (i) =>- {in). We know from [9l Theorem 5.9], [201 Theorem 3.4] that £ is a 
generator in A4 € . It follows by Lemma [3.11 that £ is weakly locally projective in A4 € . 
(Hi) ^ (ii). Let us first construct the ring with local units R. Since (£ is weakly locally 
projective as a left A-module, every finite subset of £ is contained in a subcomodule F 
that is finitely generated as a right A-module (see [21 19.12]) and by Lemma [1.51 F is 
finitely generated in Hence E is generated by its finitely generated subcomodules in 
M. € . Denote Q = © FcS F, the direct sum in JH € of all finitely generated subcomodules 
of E. Then there is a canonical surjection it : Q — > E in .M c . Let R = P ®t Q, where 
P C Hom £ (fi, E), consisting of all maps with finite support, that is, all / G Hom c (fi, E), 
such that / is zero everywhere exept on a finitely generated direct summand of Q (hence 
a finitely generated submodule of E), Q — Hom £ (E, Q) and T = End £ (f2). For f,g £ P 
and <p, ip G Q we define 

(f ®t <fi)(g ®T i>) = f ° <j> ° 9 ®T i> = f ®T $ ° g ° i>- 

By construction, R is a two-sided ideal in End e (E). We claim that R is a ring with left 
local units and E is weakly .R-locally projective. Take any r = / ' ® <p G R, where / G P, 
then F = Im (/) is a subcomodule of E that is finitely generated as a right A-module. 
By the local projectivity of E in we find a £-colinear map ip : E —>■ Q such that 
the following diagram commutes on the image of the inclusion l, 

»■ F -E 

tt -£ -0 

Since F is finitely generated, ip o l(F) C f2 is also finitely generated, and therefore 
contained in a direct summand E of Q. Write Q — E © E' and define 7Tg : Q — > E, as 
7T | on i£ and zero on Then we find 7Te o ip o t = 7r o ip o t = t, hence t^e ° ^ ° f = f 
and therefore (tte ®ip) G -R is a left local unit for (f o <p). 

A similar arguement shows that i? acts with local units on E. Furthermore, a mor- 
phism i? — > E <8)^ E* is constructed as follows: since E is weakly locally projective in 
A4 € , we know by Lemma [1.51 that E is weakly locally projective in M.a- Hence for any 
element / ® G -R, we can find a local dual basis ^ ®a fi G E ®a S* for the finitely 
generated A-module Im/. Then define t(r) = ^ / o 0(ej) Cgu /j. It follows that E is 
weakly RMocally projective as a right A-module. 

By the weak Galois structure theorem (see 0, Theorem 5.9]), the generator property 
implies that can is an isomorphism and E is flat as a left -R-module. So we are finished if 
we prove the total faithfulness of E as a left i?-module. Since R is flat as left i?-module 
(see Lemma [1.5p . by Proposition 11.21 it is enough to prove that JE ^ E for any proper 
ideal J C R. Arguments similar to the ones in [211 18-4 (3)] show that for any right 
ideal J of R, the injective map J®rR — ► Hom l£ (E, JE)® K i?, j®R r l— ► (x l— ► j( x ))®n r 
is an isomorphism. Details are as follows. Take g ®_r r G Hom c (E, JE) ®r R. Then 
9 ®r r = ge <Sir r, where e = ip e ®r e G -R is a left local unit for r. By definition 
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of R, ip e is only non-zero on a finitely generated submodule E of E. Let {u\, ■ ■ ■ ,Uk} 
be a set of generators of E as right A-module, and complete it to a set of generators 
{ui}i(zi for S. Since g{uj) G JS, we can write g{ui) = J2j fij( u j)i with G J. Let J' 
be the subideal of J generated by the fy. Since the {fij{ui)} generate Im (g) as a right 
A-module, we have that Im (g) C J'E. We relabel the generators of J' as {fe}eeL- 
Let 7T£ : S^ L ^ — ► E and t£ : E — > S^, £ G L, be the natural projections and inclusions. 
Consider the following diagram 

>■ E ^E 

9 

s^) - f — - J'E 

where the map / = J2eeL ft ° n t '■ ^ ~^ J'^ ls we ^ defined and surjective. Since 
E G M. € is weakly locally projective, there exists a map /i : E E^ such that 
got — fohot^ hence ge — fo he. Using the universal property of the direct sum Y,( L \ 
we can write h = YlieL ii^hf. E — > E^ with hj G End £ (E). Hence we obtain 

/ o h = }] fk ° itk ° t-£ ° h =)] fa o h£ e J' <z J 

e,keL e&L 

where we used that since J' is a right ideal of R and R is a right ideal of End £ (E), J' 
is a right ideal of End £ (E). So we obtain that 

g®Rr = ge® R r = fohe® R r = foh<& R reJ® R R, 

proving J® R R = Hom ff (E, JE) ® Rj R. H J R, then we also have Hom £ (E, JE) ® R i? ^ 
Hom^E, i?E) ® R R = R (since R is an ideal in End (X), see [91 Lemma 5.10]), hence 
JE ^ E. 

(11) (z). Since E is weakly i?-locally projective, the ring R acts with local units on 
E with action induced by the ringmorphism i : R —>■ E ®a E*, hence E is firm as a 
left i?-module and E is also i?-firmly projective in the sense of [20]. Therefore, the 
implication follows from the Galois comodule structure theorem over firm rings, [201 
Theorem 3.4], 0, Theorem 5.15]. 

□ 

Recall from pQ, that to any A-coring £ and a right C-comodule E, we can associate 
a Morita context 

(12) C(E) = (T,*£,E,Q,v,y). 
Here we defined T = End c (E), 

(13) Q = { q G Hom A (E, *£) | Vx G E, c G £ g(x [0] )(c)x [1] = c (1) g(x)(c (2) ) } 

with bimodule structure 

(fq)( x ) — fQ( x )> for / G *£, q E Q, iGE and 

(qt)(x) = q(t(x)), for g G Q, t E T, x G E. 

The bimodule structure on E is given by 
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for t G T, x G E and / G *£. And the Morita maps are 

(14) t : Q ® T E -> *C, g t x = g(x), 

(15) v : E (g)»e;Q -> T, x v q(-) = X[ ]q(-)(x[i]). 

Recall from [TJ Remark 2.2] that if € is weakly locally projective as a left A-module, 
then Q = Hom* £ (E, *£) = Hom £ (E, Rat (*£)). 

We say that a Morita context M = (A, B, P,Q, fi,r) can be restricted to a (non- 
unital) subring R <Z A \i Im/x C -R. This restricted context is then constructed by 
considering P and Q in a canonical way as a left and right -R-module and defining the 
map p, : P ®b Q — > R as the constriction of /i, and f : P £g># Q — ► 5 by 

T:P® R Q ? P ®aQ 1 B , 

where ir is the canonical projection. 

If (£ is weakly locally projective as a left A-module, then Q = Hom*<r(E, *(£) = 
Hom e (S, Rat (*<£)), hence q*x = q(x) G Rat(*(£), for all q G Q, so we can restrict 
the Morita context C(E) to Rat(*£) C *€. 

If is a firm ring, t : R — > End c (E) a ring morphism such that i? is a right ideal of 
T and E becomes a firm left -R-module (e.g. E is a weakly locally projective generator 
in M € and R is as constructed in Theorem 13. 2p then for all q G Q and iGS, 

xvq = r ■ x r [0] q(-)(x r {l] ) eR 

where we used that R is a right ideal of T. Therefore, the Morita context C(E) can be 
restricted to R C T. 

If it exists, we denote the (twofold) restricted Morita context as follows, 

(16) £(E) = Rat(*£), E, Q, v, ▼). 

If Rat(*C) is dense in the finite topology on *£ (this last condition is for example 
satisfied if £ is a right B-locally quasi-Frobenius coring [11, Propositon 5.9]), then we 
know (see [21 Lemma 4.13]) that there is an isomorphism of categories 

M € -> M Rat (*<£). 

The previous observations lead to a further equivalent statement for the conditions of 
Theorem l3.2l First we prove the following lemma about Morita contexts over non-unital 
rings. 

Lemma 3.3. Let (R, S, P, Q, /x, r) be a Morita context, where R is a ring with local 
units, and R acts with local units on P. Then the surjectivity of fi implies its bijectivity. 

Proof. Take any YIp^sQ G ker /i and let e G R be a local unit for p. By the surjectivity 
of \x we can write e = /i(p e ®s Qe), hence 

P&S q = ep® s q = MPe ®5 Qe)p ®sq = p e r(q e ®r p)®sq = Pe ®s q e fj>{p ®s q) = o. 

□ 

Theorem 3.4. Let (£ be an A-coring that is weakly locally projective as a left A-module, 
and suppose that Rat(*(£) is dense in the finite topology on *(£. For a right C-comodule 
E, the following statements are equivalent 

(i) E is a weakly locally projective generator in A4 € ; 
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(ii) there is a ring with local units R, together with a ringmorphism i : R — > End c (E), 
such that R is a right ideal in End £ (E), R acts with local units on E and the maps 
of the Morita context l[Tb}) are surjective. 

Proof. It follows form Lemma I3T31 that the surjectivity of the Morita maps implies their 
bijectivity. Hence the strict Morita context C(E) induces an equivalence between the 
categories M.r and A^R a t(*c) — -M € . This equivalence is given by the functor — <S)r E. 
By Theorem 13.21 this statement is equivalent with statement (i). □ 

Theorem 3.5. Let <£ be an A-coring that is weakly locally projective as a left A-module, 
and suppose that Rat(*C) is dense in the finite topology on *(£. Let R be a firm ring and 
suppose that E G i?-M c , such that R is a right ideal in End £ (E). Then the following 
statements are equivalent 

(i) E is a generator in Ai € ; 

(ii) E is flat as a left R-module and a R-comonadic Galois comodule; 
(Hi) the functor Hom e (E, — ) ®r R : Ai € — > M.r is fully faithful; 

(iv) the map t of the Morita context [W) is surjective; 

Proof. The equivalence of (i)-(ii)-(iii) follows from the weak sturcture theorem for Galois 
comodules (see 0, Theorem 5.9]). So, we only have to prove the equivalence between 
(iii) and (iv). The functor Horn (E, — ) ®r R will be fully faithfull if and only if the 
counit 

Cm ■ Hom £ (E, M) ® R E -> M, ( M ((p ®r x) = <j>{x) 
of the adjunction (— ®r E, Hom c (E, — ) ®r R) is a natural isomorphism. Remark that 
since Q = Hom £ (E, Rat (*(£)), we have CRat(*c) = ▼> so if Hom c (E, — ) ® R R is fully 
faithful, then f is bijective. Conversely, an inverse for (m is constructed as follows. 
Since Rat(*<£) is dense in the finite topology of *£, for all M 6 Ai^ and all m G M, 
there exists an element e G Rat(*(£) such that m ■ e = m. Now take q e ®_r x e E Q ®r E 
such that q e yx e = e. We define 

e M :M~^ Hom e: (E, M) ® R E, 6 M {m) = mq e {-) ® R x e . 

One can check that 9m is well defined and natural in M. Moreover, o 9 M {m) = 
m-q e (x e ) = m-e = m and 9m°Qm{4 > ®r x ) = <K a; ) , ?e( — ) ®RX ei where e can be choosen to 
be a right local unit for x. Furthermore, using the fact that xq e (— ) G T in combination 
with [91 Lemma 5.11], we find <p(x)q e (—) ®r x e = (ft ®r xq e (x e ) = (f> <$r x ■ e = (ft <S)r x, 
hence 9m is a two-sided inverse for (m- D 

4. The coring as Galois comodule 

In this section we show how the theory of locally quasi- Frobenius corings is related to 
the theory of Galois comodules with firm coinvariant rings. We show that locally quasi- 
Frobenius corings are precizely corings that are a weakly locally projective generator in 
the category of their left or right comodules, i.e. faithfully flat infinite Galois comodules. 
As a consequence, quasi- Frobenius corings are progenerators in the category of their left 
or right comodules, i.e. faithfully flat finite Galois comodules. 

Let £ be an A-coring that is weakly locally projective as a right A-module. Denote 
R = Rat(C) and consider the pair of adjoint functors 



(17) 



Mr , ' M € 

Hom c (e:-)(g. fl _R 
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We want to examine when this pair of adjoint functors is an equivalence of categories. 
The comatrix coring is given by Hom c (C, <£)® R R <$r£ = £*® R £, hence we can calculate 
the canonical map as follows 

can : <T ® R € = £, can(/ ® R c) = /(c (1) )c (2) = / • c. 

Because of the counit property, can is clearly surjective. If moreover R is dense in the 
finite topology on £*, then, by the fact that R is an ideal in (£* and [9j Lemma 5.11], 
we obtain that can is bijective with inverse 

can -1 : € -> €* <g> R <£, can _1 (c) = e® R c. 

Applying the weak and strong structure theorem for Galois comodules (see The- 
orem 5.9 and Theorem 5.15]), we obtain immediately the following. 

Theorem 4.1. If € is an A-coring that is flat as a left A-module and weakly locally 
projective as a right A-module such that R = Rat(<£*) is dense in the finite topology on 
(£.*, then 

(1) the functor Hom £ ((£, — ) ® R R is fully faithful if and only if any of the following 
equivalent conditions holds 

(i) <L is a generator in Ai € ; 

(ii) €. is flat as a left R-module; 

(Hi) the functor Hom £ (C, — ) : .M £ — > A^e is fully faithful. 

(2) (— ® R <£, Hom £ (£, —)®rR) is a pair of inverse equivalences between the categories 
M. R and Ai^ if and only if any of the following equivalent conditions holds 

(i) € is faithfully flat as a left R-module; 

(ii) € is a generator in M such that — ® R <£ : Ai R —* A4 € is faithful; 
(Hi) € is flat as a left R-module and Rat(£*) is coflat as a left <t-comodule. 

Remark 4.2. Statement (2)(iii) of Theorem 14. II follows in fact from a generalization of 
the strong structure theorem for Galois comodules, given in [T^ Theorem 4.27]. 

To study the Galois comodule €. we can consider the Morita context f)12p . which is in 
this case, 

(18) C(€) = (End c (£) = £*, *£, £, Q, v, t), 

If we suppose again that £ is weakly locally projective as a left A-module, then Q = 
Hom.j(£, Rat(*(£)) = Hom.(r(£, *£) = £*Hom((£, (£*), where the last isomorphism is given 
by switching the arguements (see [HI Proposition 4.2]). If moreover £ is weakly locally 
projective as a right A-module, then Q = c .Hom(£, Rat (<£*)) =: Q, and we can consider 
the restriced Morita context 

(19) C(C) = (S := Rat(C*), R := Rat(*C), C, Q, v, ▼), 
where 

v : € ®. £ Q -> Rat(C*), cvg = q(c); 
t: Q®<£*£^> Rat(*€), qrc = q(c). 

Lemma 4.3. Let € be an A-coring that is weakly locally projective as a left A-module. 
Then there are isomorphisms of Morita contexts 

N fc (£, *£) = N^ op (C, €*) = C(£) 

where the first two contexts are constructed as in < f77)j and the last context is the one of 
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Proof. The isomorphism between the first two contexts is proven as in [TTj Theorem 
5.10]. 

For the last isomorphism, just observe that End»<r(£) = End c (£) = £*, End» £ (*£) = 
*£, Hom» £ (*£, £) = £ and Hom* £ (£, *£) = Q. One can easily check that these isomor- 
phisms induce an isomorphism of Morita contexts between Nfc(£, *£) and C(£). 

Similarly, £ *End(£) S £ End(£) S *£, e End(£*) S £*, e Hom(£*,£) S £ and 
e Hom(£, £*) = Q, what induces the isomorphism Nj: op (£, £*) = C(£). □ 

Theorem 4.4. Let £ fre an A-coring that is weakly locally projective as a left A-module. 
The following statements are equivalent. 

(i) £ is left locally k-locally quasi- Frobenius ; 

(ii) £ is weakly locally projective as a right A-module, R = Rat(£*) is dense in the 
finite topology on £* and the map v of the Morita context / TTgj) is surjective (hence 
bijective). 

(Hi) the functor — ®# £ : M.r ; — » M.Rat(*£) is fully faithful; 

If moreover S = Rat(*£) is dense in the finite topology on *£, the previous statements 
are furthermore equivalent to any of the following assertions, 

(iv) the functor — ®r £ : M.r — > A4 € is fully faithful; 
(v) £ is a generator in € Ai; 

(vi) £ is flat as a right S -module; 

(vii) the functor c Hom(£, — ) : € M. — > is fully faithful; 
(viii) the functor S ®5 c Hom(£, — ) : € M. — > s-M is fully faithful. 

Proof, (i) -v^ (ii) . By Theorem 12.111 we know that £ is left /c-locally quasi- Frobenius if 
and only if the Morita map o of 

N(£, *£) = (End* £ (£), End* c (*£), Hom. £ (*£, £), Hom, £ (£, *£), o, •) 

is locally surjective. The isomorphisms of Morita contexts in Lemma 14.31 imply the 
following algebra and bimodule maps 

(20) V : End* £ (£) £* ^(/) = eo/, 

(21) 0:Hom* c (£*,£)^£ <f>(j) = fcl 

(22) : Hom» £ (£, *£) - Q 0(j)(c)(d) = j(d)(c). 

Since these constitute a morphism of Morita context we have moreover that 

(23) '••(./ n./) o(.,) o(j). 

Take any element / G Rat(£*), and a finite number of representants q G £ and f\ G 
Rat(£*) such that /[-i]<8u/[o] = s ^ Ji Ci®Afi G £(SuRat(£*). By the local surjectivity of o, 
there exist elements ji G Hom« £ (*£, £) and ]i G Hom» c (£, *£) such that Y^e.jt°3(.( c i) = c % 
for all Q. Denote <f>(ji) = = z e and <f>(je) = q~i- Then we have because of 

£ ( c i) = ^2 e Ui°H c i)) =*P(3e°le)(ci) 
e 

= ^(z e vqe)(ci) = ^2q e (z e )(a). 

l t 
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Hence we find 

i I 

where we used in the last equality that v is a right £*-linear map. So v is surjective 
onto Rat((£*), i.e. v is surjective. 

Conversely, suppose that v is surjective, than we have to show that o is locally 
surjective. Take any finite set q G <£. Since Rat(C) is dense in the finite topology of 
(£*, we know that there exists a local unit e G Rat(<£*) such that e • q = e(q(i))q( 2 ) = q 
for all q. By the surjectivity of v, we can write e = z e v q e for certain elements q e G Q 
and ,2 e G £. Using the isomorphisms (!20|) - (|22|) . we obtain elements jt = (p^ 1 (z e ) and 
Je = _1 (9e) such that o j e (a) = ^' x {z e v <? e )(q) = {q e ▼ z e ) • q = e • q = q. 

(zz) -v^ (m). Follows from Morita theory. 

(zzz) (if). Follows from the fact that .M c = .Ms if S is dense in *(£. 

To prove the equivalence with the other statements, observe that by left-right duality 
the construction of the Morita context (TT21) . can be repeated for a left C-comodule. 
Consider the Morita context C(<£), associated to € as left CC-comodule in this way, 

C(£) = ( £ End(<Z:) = *£ op , (£*) op , £, Q, v, t). 

One can verify that there is an isomorphism of Morita contexts C(£) top = C((£). There- 
fore, the surjectivity of v implies that the restriction of ▼ onto Rat(£*) will be surjective. 
The equivalence with statements (v) — (viii) follows then from (the left hand version 
of) Theorem 13. 51 □ 

Theorem 4.5. Let € be an A-coring. The following statements are equivalent. 

(1) € is left and right k-locally quasi- Frobenius ; 

(2) £ is weakly locally projective as a left A-module S = Rat(*<£) is dense in the 
finite topology on *€ and C is a weakly locally projective generator in Ai € ; 

(3) £ is weakly locally projective as a right A-module, R = Rat(£*) is dense in the 
finite topology on €* and C is a weakly locally projective generator in € Ai; 

(4) £ is weakly locally projective as a left and right A-module, R = Rat(<£*) and 
S = Rat(*<£) are dense in the finite topology on respectively <£* and *<£, and any 
of the following conditions holds 

(i) the Morita context / TTgj) is strict; 
(H) — ®r £ ■ M.r — > M.^ is an equivalence of categories; 
(Hi) €, is faithfully flat as a left R-module; 
(iv) (£®s — : s-M — > € Ai is an equivalence of categories; 
(v) € is faithfully flat as a right S -module. 

Proof. The equivalence of (1) and (4)(i) follows from a double application of Theo- 
rem 14.41 

Let us prove the equivalence between (2) and (4)(i). By Theorem 13 A\ we know already 
that (4)(i) implies (2) and that (2) implies the existence of a ring with local units B that 
is an ideal in (£* and such that v is surjective onto B. However, since Im v C Rat ((£*), 
we find that Rat(<£*) is a as well a ring with local units, hence dense in the finite topol- 
ogy on €* . This shows that (2) implies (4)(i). 
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The equivalence with (4)(ii) — (A)(iv) follows now from Theorem l3.2[ since the canonical 
map is always an isomorphism. 

The equivalence between (3) and (4) follows by symmetric arguements. □ 

Remark 4.6. If C is a coalgebra over a commutative ring, then (using the notation of 
Theorem 14.51) C* = *C and R = S. Hence R is dense in the finite topology of C* if 
and only if S is. A similar argumentation as in the proof of Theorem 14.51 (2) =^ (4) (i) 
shows that if C is weakly locally projective as a fc-module and C is a weakly locally 
projective generator in A4 , then R(= S) will be dense in C* . Therefore, we obtain 
from Theorem 14.51 the following characterization. 

If C is weakly locally projective as fc-module, then the following are equivalent, 

(i) C is a /c-locally quasi-Frobenius coalgebra; 

(ii) C is a weakly locally projective generator in MP] 

(iii) C is a weakly locally projective generator in c M.. 

We know that a right (respectively left) A-module M is weakly 5-locally projective, 
were B is a ring with unit, if and only if M is finitely generated and projective as a right 
(respectively left) A-module. Hence Theorem 14.41 and Theorem 14.51 yield immediately 
the following structure theorems for what we will term (right) k- quasi-Frobenius corings. 

Corollary 4.7. Let € be an A-coring that is finitely generated and projective as a left 
A-module. The following statements are equivalent. 

(1) <£ is a direct summand of a finite number of copies of (t* (i.e. € is right k- 
quasi-Frobenius ); 

(2) £ is finitely generated and projective as a right A-module, and any of the follow- 
ing conditions hold 

(i) in the context [W) . the map v is surjective (hence bijective); 

(ii) the functor — <£ : Ji4<r* — > J\A € is fully faithful; 

(iii) € is a generator in € Ai; 

(iv) £ is flat as a right *<£-module; 

(v) the functor c Hom(<£, — ) : € A4 — > *^M. is fully faithful. 

Corollary 4.8. Let <£ be an A-coring. The following statements are equivalent. 

(1) £ and <£* are similar as left £* -modules (i.e. is k- quasi-Frobenius) ; 

(2) £ and *£. are similar as right *€-modules; 

(3) € finitely generated and projective as a left A-module and £ is a finitely generated 
and projective generator in 

(4) £ is finitely generated and projective projective as a right A-module and € is a 
finitely generated and projective generator in € A4; 

(5) € is finitely generated and projective as a left and right A-module and any of the 
following conditions hold 

(i) the Morita context [W) is strict, hence — ®<r* £. : — >• Ai*tr is an 
equivalence of categories; 

(ii) — <E>e* £ : A4<r* — > A4 € is an equivalence of categories; 

(iii) £ is faithfully flat as a left <£* -module; 

(iv) €®* € -: * C M -> € M is an equivalence of categories; 

(v) € is faithfully flat as a right *<£-module. 
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